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Hannah Schulz-Kiimpel May 16th 2024

Multivariate distributions

Question 1: Data and distributional assumptions

(a) Let us assume that we are given data with all metric columns of the following form:

My My --- M,
1: r1i1 T12 0 Tin
2: To1 X22  Top
n: Tnl Tp2 - Tnn

How would, i.e. as what mathematical objects and using which probabilistic assumptions,
would we model the elements of this data to then be able to make inferences about the

behaviour/characteristics of new row-wise observations, like [2(;,41)1, T(n11)25 - - - s T(n41)m)?

(b) Show that the arithmetic mean is an unbiased estimate of the expected value, given that
we are viewing the points we are averaging over as realizations of random variables whose
distributions all have the same expected value.

Do we additionally need to assume that the random variables of which we have realizations

are i.i.d.? Explain your answer.

(c) Given the setting of (a), consider the case m = 1, i.e. that we only have the data of column

My, but are otherwise making the same modelling choices. Show that

L 1 n 1 n 2
g :nlz<xl_n;xz>

=1

is an unbiased estimate for the variance of the distribution we are assuming.
Why are we looking only at the case of m = 1 here instead of considering the z;s to be

vectors in R” in the above equation?

Recap:

An estimate 6 for a fixed, “true” value 6y is called unbiased, if the following holds:

E[é]:@o.




Solution:

(a) We assume that there are n i.i.d. copies of the random vector X = ) and write

()

i.1.d.
X1, Xo,...,X, "K' D,
where D is some probability distribution.

Then, we view the row [x;1, Zi2, ..., Tim] as a realization of Xj.

Next we can make different choices about the assumption we make about D, for example

that it belongs to a known distribution family and we just need to estimate the parameters.

Either way, it is usually sensible to assume that E[Z], Cov(Z);; < oo for Z ~ D.
Consider the random variable Z with E[Z] = y and n random variables X7, ..., X,, with
EX;l=pVie{l,...,n}.

E izn:X] :%E [ix] = %ZE[XZ]
_ :ZE[X:] :
=n=E[Z] V

No, we do not have to make the i.i.d. assumption here. In fact, by the linearity of the
expected value, it is completely sufficient to assume that are random variables have the
same expectation, even if they follow different distributions!

Consider the random variable Z with realizations in R and Z ~ D and n random



variables X1, ..., X, with realizations in R and X;,..., X, )
27 2
1 & 1 @& n 1 @&
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n 9 1 1 9
:n_1<E[Xi]—E 2XZ~-EZXj +E | ZXj+ZZXkX,1{j¢k} )
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2(n—1 1 n(n—1
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-2 (el - 2 - 2

n ((n D [x2) - ("= 1>E[Xi]2>

n—1 ' n

=E [X?] - E[X,]”
=Var(X;) = Var(Z) +/
We are only looking at the case of m = 1, because there is no one variance value for random

vectors. Instead, they have covariance matrices. The diagonal entries of this covariance

matrices will be the variances of the elements of the random vector.

Question 2: Eigenvalue decomposition

Consider the random vector = (1, 332)T with covariance

2 2
Y=
2 5
a) Determine the eigenvalues A\; and A2 and the (normalized) eigenvectors of the matrix X,.

b) Use the result of (a) to determine a random vector y = (y1,¥y2)’, whose components y;

and yo are linear combinations of &1 and x9 and for which additionally holds that

U S
Cov(y)-A-(O /\2>.

Solution:

a)



The characteristic polynomial is given by:

2—A 2 |
det(X gz — M) = det =2-MNbB-X)—-4=0
( ) ( , 5_A) CEPVEEPY
S A —TA+6=ON=—1)(A—6)=0

:>)\1:1,>\Q:6

As covariance matrix of ® = (x1,22)7, X is covariance matrix, since 3 is
(i) symmetric
(ii) positive definite.

Calculate the eigenvalues:

1 2 2 0
(Bo-nD-o={ o) ()= (T2
2 4 V2 2v1 + 4vy 0
= set vp=1=v; = -2

length of v : \/(=2)24+12=+5
N ~ 1 (-2
V= —
v\ 1
—4 2 —4 2 0
(B — AoI) - w = fwr) _ w1 + 2wa i
2 —1 w2 211}1 — 1w2 0
= set wy =1= wy =2

length of w: /12 4+22=+/5

Let’s check:
(1) Orthogonality:



b)

1 0
gy;( ):A:PTEwP
0 6

= P" Cov(z)P = P"E[(z — E[z])(x — E[z])" | P
=E[P'(z —E[z])(z - E[z]) P]
—E[P" (e - Efzl)(= — E[e)) T (PT) ]
= E[P"(z — Ela])(P" (z - Elz]))"]
—E[(PTe —E[P ])(P x—E[P ) ]

= Cov(P'x)

-2 1 —9
jdeﬁney:PTm:L (T :L ] + X2
Vi1 2 T3 V5 T + 2x9

Note: y; and yy are coordinates of & with respect to the basis of the eigenvectors v and

w of ¥y (see the following plot).

x1

Question 3: Multivariate normal distribution
Let @ = (a1, ... ,mp)T be a p-dimensional multivariate-normal distributed random vector. The
corresponding density is given by
fla) = ——
) = ————exp
v (2m)P[E]

where p denotes the expected value E[z] and ¥ the covariance Cov(x).

(~5@-w'= e w).

a) Write out the form of this density for the the case p = 2, using the parameters 022 = var(x;),

cov(ey,x2)

oron Conclude from this that ; and oo are independent if they are

i=1,2,and p =



uncorrelated.

b) Plot the density for p = 0, 01 = 1, 0o = 3 and different values of p using R. (Tip: The
function persp in combination with the function manipulate from the package of the same

name is well suited for this).

Recap:

Calculation of the inverse of a matrix:

a1l a2 _ a2 —ai2
A= =A™=
a1 Q22 —a21 ai
—_————
Adj(A)

Calculation of the quadratic form:

ail a2 x

T _ _ 2 2

x' Ax = (11 w29) = zia11 + r122(a12 + ag1) + w5092
az1 a9 2

Solution:
Here, we have: p = 2, 02 = Var (21), 05 = Var (13), Cov(r1,12) = poi0o2

2
o o10
N 1 P 12 2
pPo102 g5
(1) The determinant is given by:
det(%) = |2| = oto3 — p*oio; = oio3(1 - p?)

(2) The inverse is given by:

2 1 __P

y1_ 1 lop —poroz) 1 = Tion
-~ 0103(1—p?) \ —poio o? C1-p? | o L
192 pO102 1 0102 o2

It, therefore, follows that:

B 1 N B 1 (x1 — u1)2
fl@) = 2wo1094/1 — p? ¢ p{ 2(1 - PQ) [ a%

(1 — pa) (2 — p2) | (22— M2)2] }

+ 2
0109 g

Let us now assume that x; and xo are uncorrelated = p =0

0 fa) = —exp{-1 (“‘“l>2+<x2‘“2)2
270109 v 2 o1 02

2 2
1 . 1 (:L‘l—,ul) 1 . 1 (:L‘g—,uz)
= X _—— . X PR
V2moq P 2 o1 V2mog P 2 (op)

=fa, (1) =faq (22)

b) See R-Code.



Question 4: Determining marginal distributions
Consider the random variable z = (y,z)? ~ N 4,(u, ), with
Moy ey Ze

Derive the marginal distributions for the component vectors y and x.

Recap:
All random vectors that result from linear transformations of normally distributed random vec-
tors are in turn normally distributed. More specifically, the following applies to a p-dimensional

random vector:

w~Ny(p, ) = A w+ b ~NJ(Ap+b, AZAT) mit ¢g=rg(A) <p

Solution:

Distribution of y:

1 0 0 0 0
Define A I, 0 00
elnne = =
y (Ig Ogxp) 0 0 1 0 0
q bs
= Ayz = Ly+0,px=y
by >
y"‘Nqu“yaAy Y ymAZ
Mz 2scy I
m
:>Ay( y) = Igpty + Ogxpttz = py
Hx

> > I
AyEAZ = (Iq OqXp) v v !
Yoy Xz 0pxq

|
= (Ey + OqXpE:cy ) zyw + Oqszw) ( ! )

PXq
= 2y + Oqszyw

=Yy ~ Nq(“ya Ey)

Distribution of x:

Define Ay = (0pxq I,)



And the rest follows analogously:

=T~ Np(p’ita Ew)



